We investigate two methods of obtaining exactly solvable potentials with analytic forms.
There are two methods of obtaining exactly solvable potentials in quantum mechanics. The first method was developed by applying the technique of supersymmetry (SUSY) to the Schrödinger equation and obtain two potentials with almost identical spectra. The two potentials can be considered to be superpartners of each other.
It has been shown [1, 2] that if the two partners happen to be related by a simple relationship called shape invariance, the energy eigenvalues of the potential can be solved exactly. All the known solvable potentials with closed analytic forms can be shown to be shape invariant. In the literature, there are other solvable potentials that have not been shown to be shape invariant, however, they exist only complex numerical forms which we shall not consider in this article.
A second interesting method of obtaining solvable potential was proposed by Klein and Li [3] based on some special quantum commutation relationships. Li [4] has recently worked out the most general potential that can be obtained this way.
In this paper, we first investigate the relationship between the two approaches.
We will show that the general solutions obtained by Li are special cases of the general solutions that can be obtained by solving shape invariance condition. Therefore, the solving shape invariance condition remains the most general method of obtaining exactly solvable potentials which can be given in analytic form. Unfortunately, there is no general method for getting analytic solutions of shape invariance condition.
The best one can do seems to be starting from a guessing ansatz with an unknown function. The shape invariance is then enforced by demanding that the function satisfies an ordinary differential equation. The ansatz allows one to turn the difficult shape invariance condition into a problem of solving differential equation. It also allows one to associate each ansatz as defining a particular class of solutions. While the solutions obtained by Li correspond to those defined by a particular ansatz, in the literature, the largest classes of analytic solutions of the shape invariance condition was provided by Gendenshtein [1] . He proposed three ansatzs which define three classes of solutions which seem to cover all the known analytic exactly solvable potentials. We, therefore, proceed to solve the differential equations corresponding to these ansatzs and the energy eigenvalues of these three classes of solutions of shape invariance condition. In the process, we also demonstrate that all the known solutions in the literature are special cases of the one provided by Gendenshtein.
The three ansatzs of Gendenshtein and the forth one corresponding to Li's solutions also demonstrated that each potential can be simultaneously represented in many classes. It is also clear that one can in principle continue to invent more ansatz without obtaining any new potentials. Therefore, one is immediately faced with the intriguing question of what is the better way to classify these solvable potentials than using the ansatzs. One method seems to be starting from the n dependence of its spectrum. It is noted that only a few simple general forms of n dependence are allowed for the known exactly solvable potentials. We shall make some comments in this direction later and mention some interesting unsolved problems in the conclusion.
We first briefly review the procedure of constructing creation and annihilation operators of simple harmonic oscillator, now we can apply this method to the Schrödinger equation with an arbitrary potential V (x).
Assuming that we have already shifted the potential by a constant so that the ground state energy becomes zero, we shall denote this Hamiltonian and its potential with (−) subscript and denote ψ (−) n as its eigenfunctions. That is,
The above equation, Eq.(2) is identical to
Then, the general creation and annihilation operators are:
The Hamiltonian can be written as H − = A + A. Now we define a new Hamiltonian H + = AA + . which can be written as
. The corresponding potential in the new Hamiltonian is:
The V + , V − are called supersymmetric partner potentials.
One can define a new function, W (x), called superpotential,
Solving the differential equation we get
and
The two partner potentials are made from superpotential W (x),
A + and A do not commute with each other and satisfy [A,
To compare the spectra of these two partners, denote ψ (−) as the eigenfunction of H − and ψ (+) as that of
Similarly,
n ). Therefore A, A + can transform an eigenfunction of one potential into a eigenfunction of it's partner with the same energy. However, note that the ground state of V − is annihilated by A and have no partner state of V + . Therefore the ground state of V − has no superpartner.
Relations of energy eigenvalues and wavefunctions are:
In 1983, Gendenshtein [1] suggested that all exactly solvable potentials are "shape invariant" ( he used "form invariant" instead ). Shape invariance means that the superpartner potentials have the same x−dependence modulo the changes in values of a set of parameters that define the potential. Mathematically, it means the superpartner of V − (x; a 0 ), V + (x; a 0 ) can be written as
and a 1 = f (a 0 ), where a 0 are the set of parameters in V + , and f is the transformation function that maps a 0 into a 1 . The remainder R(a 1 ) is independent of x.
To show that the eigenvalues can be obtained easily from the above condition, we construct a series of Hamiltonian
where a s = f s (a 0 ), i.e., f mapped s times. Furthermore, we have From Eq. (12), we see that the ground state of H (k) has the energy:
Since (n + 1)th energy eigenvalue of H (0) (=H − ), whose ground state energy is zero, is coincident with the ground state energy of Hamiltonian H (n) , the complete eigenvalues of H − are:
If a potential is shape invariant, we can also get the bound state wavefunctions 0 (x; a n ) corresponds to the first excited state ψ (−) 1 (x; a n−1 ) of H (−) n−1 . In the same manner, eventually, it will correspond to the nth state of H (−) 0 . Recalling Eq.(10), one obtains
0 (x; a n ).
To compare the supersymmetry approach with the second approach proposed by Klein and Li [3, 4] , we shall first give a brief review. Consider an one dimensional quantum system with the Hamiltonian
For an arbitrary function of position, f = f (x), one can easily derive
To obtain solvable potential Klein and Li proposed to impose a so-called linear double commutator relation demanding that for some f and V , the right hand side become a linear functional of f . In order to make the operator equation linear in f , one imposes 2f
Eq.(18) relates V to f and can be solved to give the potential V (x)
Eq.(19) can be solved for f as
or
For µ = 0, the resulting potentials are just those for one-or three-dimensional harmonic oscillator problems. For µ = 0, one can get the general potential 
Here we shall first show that the superpotential is indeed shape invariance and then solve the eigenvalues using the supersymmetric methods outlined earlier.
Given, Eqs.(24) and (19), one can easily check the shape invariance condition by working out the potentials V ± as
Therefore, V ± are related by shape invariance condition
The energy eigenvalues can be straight-forwardly worked out to be
where the ground state energy has been shifted to zero. SUSY method and Li's method gives the same results as expected.
In the SUSY approach, shape invariance requires that the superpotential W (x) satisfies the functional differential equation:
where a 0 represents a set of parameters, called the shape invariance relation(SIR).
The values of the set, a 1 , on the right-hand side, depend on the value of a 0 , that is,
for some function f . The only known way of solving SIR is to impose an educated ansatz to turn it into a differential equation. In this direction, Gendenshtein [1] had proposed three ansatzs which provide some general classes of solutions. There is no claim that the three classes should encompass the most general solutions of SIR.
However, it is interesting to note that all the known solutions can be shown to be special cases of one of the three classes as we shall demonstrate later. Also, the three classes are not mutually exclusive. That is, some solutions can be represented in more than one classes.
We shall discuss the three classes in order, solve the corresponding nonlinear differential equations and work out the potentials and energy eigenvalues for each class. The three classes can be described as follow:
(I).Class one:
The ansatz for the superpotential is of the form
The SIR then requires f 1 to satisfy
V ± can be worked out to be
with the parameters transforming as
For the case when p = 0, the eigenvalues can be worked out to be
Ordering the terms by power of n, E n can be written as
For the case when p = 0, the transformation of parameter and the eigenvalues can be obtained as
The known exactly solvable potentials in this class and their corresponding parameters are listed in Table 1 . The most general solutions for function f in this case can be summarized as
where c is an integration constant.
(II). Class two:
The superpotential in this ansatz is assumed to be of the form
The eigenvalues are
The well-known examples in the class and their corresponding parameters are listed in Table 2 for illustration. Table 2 :
The general solutions for function f in this case can be written as
(III).Class three:
The superpotential is assumed to be of the form
The well-known exactly solvable potentials in this class are listed in Table 3 .
The general solutions for function f are
c is an integration constant. 
The tables showed that all known exact solvable potentials with analytic forms can be put into one of these three classes. to use the energy spectrum and its quantum number dependence instead.
In conclusion, we have discussed the two methods of obtaining exactly solvable potentials in quantum mechanics. One of them requires the shape invariance between the superpartners of the potentials in the supersymmetric formulation. The other one imposes a so-called "linear double commutator relations". We have shown that the second case only produces solutions which are special solutions of the first approach. From this point of view, the shape invariance approach is still the most general method of producing the analytic, exactly solvable potentials. We also argued that the n dependence of the energy spectrum may be a better way of telling the difference between different classes of potentials. In addition, we work out the energy eigenvalues of the most general classes of potentials in the literature.
Unfortunately, it is still not possible to obtain the most general solutions to SIR. 
